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INVESTMENT HORIZON, DURATION, AND MARKET RATE
VARIATIONS: FUNCTIONALITY OF THE NEW-ROR

Kashi Nath Tiwari*

Abstract

Under increasing-rate conditions, the conventional models suggest holding the bond past duration, while
under decreasing-rate conditions, these models recommend selling the bond prior to duration to obtain a
higher rate of return than that implied by the initial yield to maturity. This appears to be an erroneous result
derived from the improper construction of the conventional ROR-models in relation to duration and
investment horizon. Under the efficient market hypothesis, it should not matter whether the bond is sold prior
to duration or past duration; under all scenarios, the net results should be identical. Only under the conditions
of market inefficiency and information asymmetricity, an investor can, intertemporally, gain through the
manipulation of the length of the investment horizon. By taking the ratio of value-received and value-paid,
this paper constructs an optimal model under which it would not matter whether the bond is held past
duration or sold prior to duration. If market rates, on average, remain constant, then the rate of return will be
zero; if rates rise, then the investor will experience a negative rate of return; and if market rates fall, then they
will experience a positive rate of return. Under the non-averaging procedure of the ratio, even the magnitude
of the ROR remains constant over the investment horizon. However, under the ratio-averaging procedure the
absolute value of the ROR increases with time such that under falling-rate conditions, the sooner the asset is
sold the better, while under rising-rate conditions, the longer the bond is held the better.

THE CONVENTIONAL ROR-MODELS: INFERENCES

Based upon the conventional procedure to calculate the rate of return, the following conclusions can be drawn
under changing market rate conditions. If the market rates are expected to rise, then the asset whose duration is less
than the investment horizon should be purchased. The longer the investment horizon relative to duration, the higher
the rate of return. In order to have the highest rate of return, the investor will buy the asset whose holding point is
farthest from the duration.

If the market rates are expected to fall, then an asset whose duration is greater than the investment horizon should
be purchased. The shorter the investment horizon relative to duration, the higher the rate of return. In order to obtain
the highest rate of return, the investor will buy an asset whose duration is farthest from the asset holding-point.

THE NEW-ROR-MODEL (WITHOUT GEOMETRIC-AVERAGING)

If market rates increase immediately after the asset acquisition and remain at that level throughout the life of the
bond, then the new-ROR (Rm) will be a constant negative number for any length of the holding period. This is due to
the fact that for a given increase in Y, the ratio of value-received and value-paid will be less than one and the fact
that there will be an equi- proportionate change in the value-received and the value-paid at any given point in time It
does not matter whether investors hold the asset only for one period or they hold the asset for a longer period of
time, they will always experience the same level of negative returns. This is in contrast to the old-model’s results
where the length of the holding period in relation to duration will determine the value of the old-ROR (Rc) or the
positivity and negativity of the yield-adjusted old-ROR. Under conventional models, if H>D, then Rc>Y and the
yield-adjusted ROR (Rc-y) will be positive, while if H<D, then Rc<Y and the yield-adjusted ROR (Rc-y) will be
negative.
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If market rates decrease immediately after the asset acquisition and remain at that level throughout the life of the
bond, then the new-ROR (Rm) will be a constant positive number for any length of the holding period. This is due to
the fact that for a given decrease in Y, the ratio of value-received and value-paid will be greater than one and the fact
that there will be an equi- proportionate change in the value-received and the value-paid at any given point in time It
does not matter whether investors hold the asset only for one period or they hold the asset for a longer period of
time, they will always experience the same level of positive returns. Under conventional models, if H>D, then Rc<Y
and the yield-adjusted ROR (Rc-y) will be negative, while if H<D, then Rc>Y and the yield-adjusted ROR (Rc-y) will
be positive.

Regardless of the length of the investment horizon (H) relative to duration (D), when market rates remain
stationary or change in a neutralizing-fashion, then the New-ROR will be zero, while the old-ROR will be positive
and equal to the yield-to-maturity. However, the yield-adjusted Old-ROR will also be zero which will be
comparable to the new-ROR results.

THE NEW-ROR-MODEL (WITH GEOMETRIC-AVERAGING)

If the market rates are expected to rise, then the investor should buy the asset whose duration is less than the
investment horizon. Under rising market rate conditions, the rate of adjusted-returns will be negative, and this
negative rate will be diminishing in value as the asset holding time increases. Therefore, the longer the asset is held,
the better.

If the market rates are expected to fall, then the investor should buy the asset whose duration is greater than the
investment horizon. Under declining market rate conditions, the rate of adjusted-returns will be positive, and this
positive rate will be increasing in value as the asset holding time decreases. Therefore, the shorter the asset is held,
the better.

Under geometric-averaging procedure, there appears to be less contradiction between this paper’s model and
conventional models if the effect of inflation is accounted for: this paper’s results do not contradict the intuitive
reasoning (or the conventional results to that end). The conventional model is unable to account for the effect of
changes in the inflation rate and the opportunity costs, while the proposed model does take into account such effects.
Under Conventional models, R=Y at D and R>Y for H>D; but is R>Y in reality? The answer is no, if the effect of
inflation is taken into account. At D, in the presence of inflation, the inflation-adjusted R<Y. As a matter of fact,
under rising rate conditions (rising inflation), the inflation-adjusted R will always be less than Y regardless of the
holding period [irrespective of whether H=D, H>D, or H<D]. Under inflationary conditions, the inflation-adjusted R
will approach Y (Y-R will diminish in value) as the holding period increases. Therefore, under inflationary
conditions, the investor should hold the bond as long as possible to minimize the losses in real returns. This is
exactly the conclusion of this paper’s model as well: [Under rising market rate conditions, the rate of adjusted-
returns will be negative, and this negative rate will be diminishing in value as the asset holding time increases.
Therefore, the longer the asset is held, the better.].

DISTINGUISHING FEATURES OF THE NEW-ROR MODEL

Under conventional models, the investor’s desired result (break-even rate of return) is obtained when Rc = Y0.
Under the conventional rate of return models, an investor can obtain the break-even rate of return (i. e., Rc = Y0)
under two conditions: (1) if the bond is held till its duration, regardless of whether the market interest rate rises,
falls, or remains constant, or (2) if the investment horizon is different from the duration, then the market rates
change in an offsetting manner (i.e., market rates on average remain constant).

Under the proposed model, the investor’s desired result (break-even rate of return) is obtained when Rm = 0.
Under the proposed model, an investor will obtain his/her break-even rate of return (i.e., Rm = 0) under the following
conditions: (1) if rates on average remain constant, regardless of whether the bond is sold prior to duration, at
duration, or past duration, (2) if market rates rise, then the bond is held past its maturity with an extendible-maturity
clause, or (3) if market rates fall, then the bond is held for the shortest possible time-period with a contractible-
maturity clause.

Of course, under both models, a return-maximizing investor will hold the bond as long as possible under rising
market rate conditions, while he/she will hold the bond for the shortest possible time period under declining market
rate conditions.
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Under the proposed model, the investor’s break-even rate of return (i.e., Rm = 0) is obtained at maturity under
constant market rate conditions. Under rising market rate conditions, the rate of return will be always negative
during the life the asset; however, the negative rate of return is the lowest at maturity than at any other point in time
prior to maturity. Under declining market rate conditions, the rate of return will be always positive during the life of
the asset; however, this positive rate of return will be the highest for the lowest holding period.

Under rising market rate conditions, the rate of return is negative and is diminishing in value as the holding
period increases. Both at duration and at maturity, the rate of return will be negative. Therefore, to obtain the break-
even rate of return, the bond must be held past duration and as long as possible. The break-even rate of return can be
obtained only past the maturity, but that is not possible, because an asset cannot be held past its maturity. Therefore,
an investor should ask for an extension of the maturity in order to get closer to his/her break-even rate of return. If at
the time of the asset-acquisition, market rates are expected to rise, then an extendible-maturity option should be
asked for.

Under declining market rate conditions, the rate of return is positive and is increasing in value as the holding
period decreases. Both at duration and at maturity, the rate of return will be positive. Therefore, to obtain the break-
even rate of return, the bond must be sold before the duration and as quickly as possible. The break-even rate of
return can be obtained only prior to time 0, but that is not possible, because an asset cannot be bought prior to time
0. Therefore, an investor should ask for a contractible-maturity bond (as short a maturity as possible, and much
shorter than the duration of its original issue) in order to get closer to his/her break-even rate of return. If at the time
of the asset-acquisition, market rates are expected to fall, then a contractible-maturity option should be asked for.

NOTATION AND DEFINITION

In the ensuing analysis, the following notations will be used:

N = maturity of the asset
H = investment horizon or holding period
Yi = one-period expected market rate applicable for period i+1, where i = 0, 1, 2, 3, …, n
aYi = one-period actual/realized market rate applicable for period i+1, where i = 0, 1, 2, 3, …, n
P0 = PV = asset price at time 0, (present value of future income stream)
Pn = at time n, the time-value of the original price-paid, P0

Ph = at time h, the time-value of the original price-paid, P0

Vn = at time n, the value of the asset earnings
Vh = at time h, the value of the asset earnings
ePn = at time n, the expected (e) time-value of the original price-paid, P0
aPn = at time n, the actual (a) or realized time-value of the original price-paid, P0
eVn = expected (e) time-value of asset earnings in n-periods
aVn = Actual (a) or Realized time-value of asset earnings at time n
eRc = expected (e) rate of return under conventional (c) models
aRc = realized rate of return under conventional (c) models
eRm = expected (e) rate of return under modified (m) model of this paper
aRm = realized rate of return under modified (m) model of this paper
eRci = at time i, expected (e) rate of return under conventional (c) models
aRci = at time i, realized rate of return under conventional (c) models
eRc-y,i = eRc - 

eRc = 0 = at time i, yield-adjusted expected ROR under conventional models
aRc-y,i = aRc - 

eRc = at time i, yield-adjusted actual ROR under conventional models
eRmi = at time i, expected (e) rate of return under the modified (m) model of this paper
aRmi = at time i, realized rate of return under the modified (m) model of this paper
Rgm,i = at time i, the rate of return under the modified model by taking ith root (geometric mean)

Frederick Macaulay's formula for duration is given by:
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where D = Duration, N = Maturity, F = Face Value, Ci = Coupon at time i, Y = yield to maturity

Let C = 100, Y0 = 0.1965, F = 1,000, N = 5

Denominator of Duration = P0 = 1100 / (1.1965 × 1.1965 × 1.1965 × 1.1965 × 1.1965)
+ 100 / (1.1965 × 1.1965 × 1.1965 × 1.1965) + 100 / (1.1965 × 1.1965 × 1.1965)
+ 100 / (1.1965 × 1.1965) + 100 / 1.1965 = 709.169095035

Numerator of Duration = 5 × 1100 / (1.1965 × 1.1965 × 1.1965 × 1.1965 × 1.1965)
+ 4 × 100 / (1.1965 × 1.1965 × 1.1965 × 1.1965)
+ 3 × 100 / (1.1965 × 1.1965 × 1.1965)
+ 2 × 100 / (1.1965 × 1.1965) + 100 / 1.1965 = 2836.43165451

Duration = 2836.43165451 / 709.169095035 = 3.99965491216 ≈ 4

D ≈ 4

The relationship among ROR, Y, H, and D are presented below for three cases:

Case 1. When market rates remain constant
Case 2. When market rates increase
Case 3. When market rates decrease

Case 1: When market rates remain constant:

Proposition 5 (with or without geometric-averaging): If Y remains constant throughout the life of the bond, then
the rate of return under this paper’s framework will be 0, while under conventional framework it will be equal to the
yield to maturity, but the yield-adjusted-old-ROR will also be zero. This statement holds true regardless of the
length of the holding period in relation to duration (i.e., irrespective of whether H=D, H>D, or H<D).

Proof: Suppose that Y remains constant at 19.65%

If H=D=4:

eV4 = 100 × 1.1965 × 1.1965 × 1.1965 + 100 × 1.1965 × 1.1965
+ 100 × 1.1965 + 100 + 1100 / 1.1965 = 1453.4517

aV4 = 100 × 1.1965 × 1.1965 × 1.1965 + 100 × 1.1965 × 1.1965
+ 100 × 1.1965 + 100 + 1100 / 1.1965 = 1453.4517

eP4 = 709.1691
eP4 = 709.1691 × 1.1965 × 1.1965 × 1.1965 × 1.1965 = 1453.4517
aP4 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 × 1.1965 = 1453.4517
eRc4 = aRc4

aRc4 = (aV4 / P0)^(1/4) - 1 = (1453.4517 / 709.1691)^(1/4) - 1 = 1.1965 - 1 = .1965 (old-ROR)
aRm4 = (aV4 / P4) - 1 = (1453.4517 / 1453.4517) - 1 = 0 (ROR without geometric-averaging)

Rgm,4 = (1453.4517 / 1453.4517)^(1/4) - 1 = 0 (ROR with geometric-averaging)

Rc-y = aRc - 
eRc = 0.1965 - 0.1965 = 0 (yield-adjusted Rc)

Thus if the market rate remains constant, then the ROR will be zero under both the new-model and the old-model;
that is, aRgm,3 = 0 and Rc-y = 0.
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If (H=5) > (D=4):

eV5 = aV5

aV5 = 100 × 1.1965 × 1.1965 × 1.1965 × 1.1965 + 100 × 1.1965 × 1.1965 × 1.1965
+ 100 × 1.1965 × 1.1965 + 100 × 1.1965 + 100 + 1000 = 1739.05499415

eP5 = aP5

aP5 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 × 1.1965 × 1.1965 = 1739.05499415
eRc5 = aRc5

aRc5 = (eV5 / P0)^(1/5) - 1 = (1739.055 / 709.1691)^(1/5) - 1 = 1.1965 - 1 = .1965
aRm5 = (aV5 / P5) - 1 = (1739.05499 / 1739.05499) - 1 = 0 (ROR without geometric-averaging)

Rgm,5 = (1739.05499 / 1739.05499)^(1/5) - 1 = 0 (ROR with geometric-averaging)

Rc-y = 
aRc - 

eRc = 0.1965 - 0.1965 = 0 (yield-adjusted Rc)

Thus if the market rate remains constant, then the ROR will be zero under both the new-model and the old-model;
that is, aRgm,3 = 0 and Rc-y = 0.

If (H=3) < (D=4):

eV3 = aV3

aV3 = 100 × 1.1965 × 1.1965 + 100 × 1.1965 + 100 + 100 / 1.1965
+ 1100/(1.1965 × 1.1965) =1214.753

eP3 = aP3

aP3 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 = 1214.75280346
eRc3 = aRc3

aRc3 = (aV3 / P0)^(1/3) - 1 = (1214.7528 / 709.1691)^(1/3) - 1 = 1.1965 - 1 = .1965
aRm3 = (aV3 / P3) - 1 = (1214.7528/1214.7528) - 1 = 0 (ROR without geometric-averaging)
aRgm,3 = (1214.7528 / 1214.7528)^(1/3) - 1 = 0 (ROR with geometric-averaging)

Rc-y = aRc - 
eRc = 0.1965 - 0.1965 = 0 (yield-adjusted Rc)

Thus if the market rate remains constant, then the ROR will be zero under both the new-model and the old-model;
that is, aRgm,3 = 0 and Rc-y = 0.

Case 2: When market rates increase:

Proposition 6a (ROR without geometric-averaging): Within the purview of this paper’s model, if market rate
increases during first year and remains at that level until maturity, then the investor’s rate of return will be a constant
negative number for any holding period (irrespective of whether H>D, H<D, H=D, H=0, or H=n). This is in stark
contrast to the conventional results, where if market increases then R>Y for H>D (or, old-ROR* > 0), R<Y for H<D
(or, old-ROR* < 0), and R=Y for H=D (or, old-ROR* = 0).

Proposition 6b (ROR with geometric-averaging): If Y increases, then under the conventional framework, R=Y at
duration, R>Y past duration, and R<Y before duration. Under this paper’s framework, R<0 if Y increases, and the
negative rate of return diminishes in value as the holding period increases and approaches maturity. Thus both
models appear to produce similar results: if Y increases, then the longer the asset is held the better.
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Proof: Suppose that Y increases to 30% from 19.65%

If H=D=4:

eV4 = 100 × 1.1965 × 1.1965 × 1.1965 + 100 × 1.1965 × 1.1965
+ 100 × 1.1965 + 100 + 1100 / 1.1965 = 1453.4517

aV4 = 100 × 1.30 × 1.30 × 1.30 + 100 × 1.30 × 1.30 + 100 × 1.30 + 100 + 1100 / 1.30 = 1464.8538
eP4 = 709.1691
eP4 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 × 1.1965 = 1453.4517
aP4 = 709.169095035 × 1.30 × 1.30 × 1.30 × 1.30 = 2025.45785233
eRc4 = (eV4 / P0)^(1/4) - 1 = (1453.4517 / 709.1691)^(1/4) - 1 = 1.1965 - 1 = .1965 (old-ROR)
aRc4 = (aV4 / P4)^(1/4) - 1 =(1464.8538 / 709.1691)^(1/4) - 1 ≈ .1965
aRm4 = (aV4 / P4)-1 = (1464.8538 / 2025.4578)- 1 = - 0.27678 (ROR without geometric-averaging)

Rgm,4 = (1464.8538 / 2025.4578)^(1/4)- 1 = - 0.07782 (ROR with geometric-averaging)

Rc-y = aRc - 
eRc = 0.1965 - 0.1965 = 0 (yield-adjusted Rc)

The investment value has depreciated by a total of 27.678% in H-periods or it has depreciated at an annual rate
of 7.782%. Thus if the market rate increases, then the new-ROR is negative (Rgm,4 < 0) and the old-ROR* is zero
(Rc-y = 0).

If (H=5) > (D=4):

eV5 = 100 × 1.1965 × 1.1965 × 1.1965 × 1.1965 + 100 × 1.1965 × 1.1965 × 1.1965
+ 100 × 1.1965 × 1.1965 + 100 × 1.1965 + 100 + 1000 = 1739.05499415

aV5 = 100 × 1.30 × 1.30 × 1.30 × 1.30+ 100 × 1.30 × 1.30 × 1.30 + 100 × 1.30 × 1.30
+ 100 × 1.30 + 100 + 1000 = 1904.31

eP5 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 × 1.1965 × 1.1965 = 1739.05499415
aP5 = 709.169095035 × 1.30 × 1.30 × 1.30 × 1.30 × 1.30 = 2633.09520803
eRc5 = (eV5 / P0)^(1/5) - 1 = (1739.055 / 709.1691)^(1/5) - 1 = 1.1965 - 1 = .1965
aRc5 = (aV5 / P0)^(1/5) - 1 = (1904.31/709.1691)^(1/5) - 1 = .2184215435
aRm5 = (aV5 / P5) - 1 = (1904.31 / 2633.095) - 1 = - 0.27678 (ROR without geometric-averaging)

Rgm,5 = (1904.31 / 2633.095)^(1/5) - 1 = - 0.6275 (ROR with geometric-averaging)

Rc-y = 
aRc - 

eRc = 0.2184 - 0.1965 = 0.0219 > 0 (yield-adjusted Rc)

The investment value has depreciated by a total of 27.678% in H-periods or it has depreciated at an annual rate
of 6.275%. Thus if the market rate increases, then the new-ROR is negative (Rgm,i < 0) and the old-ROR* is positive
(Rc-y > 0).

If (H=3) < (D=4):

eV3 = 100 × 1.1965 × 1.1965 + 100 × 1.1965 + 100 + 100 / 1.1965 + 1100 / (1.1965 × 1.1965) =1214.753
aV3 = 100 × 1.30 × 1.30 + 100 × 1.30 + 100 + 100 / 1.30 + 1100 / (1.30 × 1.30) = 1126.81065089
eP3 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 = 1214.75280346
aP3 = 709.169095035 × 1.30 × 1.30 × 1.30 = 1558.04450179
eRc3 = (eV3 / P0)^(1/3) - 1 = (1214.7528/709.1691)^(1/3) - 1 = 1.1965 - 1 = .1965
aRc3 = (aV3 / P0)^(1/3) - 1 = (1126.81065 / 709.1691)^(1/3) - 1 = .1669
aRm3 = (aV3 / P3) - 1 = (1126.811 / 1558.045) - 1 = - 0.27678 (ROR without geometric-averaging)
aRgm,3 = (1126.811 / 1558.045)^(1/3) - 1 = = - 0.10238 (ROR with geometric-averaging)

Rc-y = 
aRc - 

eRc = 0.1669 - 0.1965 = - 0.0296 < 0 (yield-adjusted Rc)
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The investment value has depreciated by a total of 27.678% in H-periods or it has depreciated at an annual rate
of 10.238%. Thus if the market rate increases, then the new-ROR is negative (Rgm,i < 0) and the old-ROR* is also
negative (Rc-y < 0).

Case 3: When market rates decrease:

Proposition 7a (ROR without geometric-averaging): Within the purview of this paper’s model, if market rate
decreases during first year and remains at that level until maturity, then the investor’s rate of return will be a
constant positive number for any holding period (irrespective of whether H>D, H<D, H=D, H=0, or H=n). This is in
stark contrast to the conventional results, where if market decreases then R<Y for H>D (or, old-ROR* < 0); R>Y for
H<D (or, old-ROR* > 0); and R=Y for H=D (or, old-ROR* = 0).

Proposition 7b (ROR with geometric averaging): If Y decreases, then under the conventional framework, R=Y
at duration, R<Y past the duration, and R>Y before the duration. Under the proposed framework, R>0 if Y increases,
and the positive rate of return diminishes in value as the holding period increases and approaches maturity. Thus
both models appear to produce similar results: if Y decreases, then the shorter the holding period, the better (i.e., the
asset should be discarded as quickly as possible).

Proof: Suppose that Y decreases to 10%

If H=D=4:

eV4 = 100 × 1.1965 × 1.1965 × 1.1965 + 100 × 1.1965 × 1.1965
+ 100 × 1.1965 + 100 + 1100/1.1965 = 1453.4517

aV4 = 100 × 1.10 × 1.10 × 1.10 + 100 × 1.10 × 1.10 + 100 × 1.10 + 100 + 1100/1.10 = 1464.1
eP4 = 709.1691
eP4 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 × 1.1965 = 1453.4517
aP4 = 709.169095035 × 1.10 × 1.10 × 1.10 × 1.10 = 1038.29447204
eRc4 = (eV4 / P0)^(1/4) - 1 = (1453.4517 / 709.1691)^(1/4) - 1 = 1.1965 - 1 = .1965 (old-ROR)
aRc4 = (aV4 / P4)^(1/4) - 1 = (1464.1 / 709.1691)^(1/4) - 1 ≈ .1965
aRm4 = (aV4 / P4)-1 = (1464.1 / 1038.295) - 1 = 0.410101 (ROR without geometric-averaging)

Rgm,4 = (1464.1 / 1038.295)^(1/4)- 1 = 0.089714 (ROR with geometric-averaging)

Rc-y = 
aRc - 

eRc = 0.1965 - 0.1965 = 0 (yield-adjusted Rc)

The investment value has appreciated by a total of 41.01% in H-periods or it has appreciated at an annual rate
of 8.97%. Thus if the market rate decreases, then the new-ROR is positive (Rgm,i > 0) and the old-ROR* is zero
(Rc-y = 0).

If (H=5) > (D=4):

eV5 = 100 × 1.1965 × 1.1965 × 1.1965 × 1.1965 + 100 × 1.1965 × 1.1965 × 1.1965
+ 100 × 1.1965 × 1.1965 + 100 × 1.1965 + 100 + 1000 = 1739.05499415

aV5 = 100 × 1.10 × 1.10 × 1.10 × 1.10 + 100 × 1.10 × 1.10 × 1.10 + 100 × 1.10 × 1.10 + 100 × 1.10 + 100 +
1000 = 1610.51

eP5 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 × 1.1965 × 1.1965 = 1739.05499415
aP5 = 709.169095035 × 1.10 × 1.10 × 1.10 × 1.10 × 1.10 = 1142.12391924
eRc5 = (eV5 / P0)^(1/5) - 1 = (1739.055 / 709.1691)^(1/5) - 1 = 1.1965 - 1 = .1965
aRc5 = (aV5 / P0)^(1/5) - 1 = (1610.51 / 709.169095035)^(1/5) - 1 = .178264315321
aRm5 = (aV5

 / P5) - 1 = (1610.51 / 1142.124) - 1 = 0.410101 (ROR without geometric-averaging)

Rgm,5 = (1610.51 / 1142.124)^(1/5) - 1 = 0.071149 (ROR with geometric-averaging)

Rc-y = 
aRc - 

eRc = 0.1782 - 0.1965 = - 0.0183 < 0 (yield-adjusted Rc)
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The investment value has appreciated by a total of 41.01% in H-periods or it has appreciated at an annual rate
of 7.1%. Thus if the market rate decreases, then the new-ROR is positive (Rgm,i > 0) and the old-ROR* is negative
(Rc-y < 0).

If (H=3) < (D=4):

eV3 = 100 × 1.1965 × 1.1965 + 100 × 1.1965 + 100 + 100 / 1.1965 + 1100/(1.1965 × 1.1965) =1214.753
aV3 = 100 × 1.10 × 1.10 + 100 × 1.10 + 100 + 100/1.10 + 1100 / (1.10 × 1.10) = 1331
eP3 = 709.169095035 × 1.1965 × 1.1965 × 1.1965 = 1214.75280346
aP3 = 709.169095035 × 1.10 × 1.10 × 1.10 = 943.904065492
eRc3 = (eV3 / P0)^(1/3) - 1 = (1214.7528 / 709.1691)^(1/3) - 1 = 1.1965 - 1 = .1965
aRc3 = (aV3 / P0)^(1/3) - 1 = (1331 / 709.169095035)^(1/3) - 1 = .233510218111
aRm3 = (aV3 / P3) - 1 = (1331 / 943.9041) - 1 = 0.410101 (ROR without geometric-averaging)
aRm3 = (1331 / 943.9041)^(1/3) - 1 = 0.121373 (ROR with geometric-averaging)

Rc-y = 
aRc - 

eRc = 0.2335- 0.1965 = 0.0370 > 0 (yield-adjusted Rc)

The investment value has appreciated by a total of 41.01% in H-periods or it has appreciated at an annual rate
of 12.13%. Thus if the market rate decreases, then the new-ROR is positive (Rgm,i > 0) and the old-ROR* is positive
(Rc-y > 0).

PROPOSED MODEL’S RESULTS: INTUITIVE EXPLANATION

The difference in the results of the two models occur due to the difference in the values of the denominators of
the value/price ratio:

new-model: (1+Rm)h = 
htimeatevaluatedpaidpriceoftimevalue

pricesalevaluentreinvestmecoupon

paidvalue

receivedvalue +
=

old-model: (1+Rc)
h = 

0timeatpaidprice

pricesalevaluentreinvestmecoupon

paidvalue

receivedvalue +
=

New-model when Y↑: An increase in Y increases the value of the denominator of the revenue/price ratio by an
amount greater than the change in the value of the numerator such that the ratio becomes less than one, thereby
making the ROR negative for any length of the holding period. It does not matter whether the asset is sold prior to
duration, at duration or past duration; under all conditions, the ROR will always be negative . Thus regardless of
whether the numerator increases (meaning positive coupon reinvestment effect is greater than the negative sale-price
effect), decreases (meaning positive coupon reinvestment effect is less than the negative sale-price effect), or
remains constant (meaning positive coupon reinvestment effect is equal to the negative sale-price effect), the
denominator-effect will always outweigh the numerator-effect, thereby making the ROR negative for any length of
the holding period [H∈(0, N)].

New-model when Y↓: A decrease in Y decreases the value of the denominator of the ROR-expression by an
amount greater than the change in the value of the numerator such that the revenue/price ratio becomes greater than
one, thereby making the ROR positive for any length of the holding period. It does not matter whether the asset is
sold prior to duration, at duration or past duration, under all conditions, the ROR will always be positive . Thus
regardless of whether the numerator increases (meaning negative coupon reinvestment effect is less than the positive
sale-price effect), decreases (meaning negative coupon reinvestment effect is greater than the positive sale-price
effect), or remains constant (meaning negative coupon reinvestment effect is equal to the positive sale-price effect),
the denominator-effect will always outweigh the numerator-effect, thereby making the ROR positive for any length
of the holding period [H∈(0, N)].

Conventional-model when Y↑ An increase in Y has no effect on the denominator of the conventional-model, and
therefore, the ROR solely depends upon the new value of the numerator relative to its previous level that existed
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prior to an increase in Y. The new value of the numerator will be greater than its previous level if the positive
coupon-reinvestment effect is greater than the negative sale-price effect (this will occur for all H>D, where R>Y);
the new value of the numerator will be less than its previous level if the positive coupon-reinvestment effect is less
than the negative sale-price effect (this will occur for all H<D, where R<Y); and the new value of the numerator will
be equal to its previous level if the positive coupon-reinvestment effect is equal to the negative sale-price effect (this
will occur at H=D, where R=Y).

Conventional-model when Y↓: A decrease in Y has no effect on the denominator of the conventional-model and
the ROR solely depends upon the new value of the numerator relative to its previous level that existed prior to a
decrease in y. The new value of the numerator will be greater than its previous level if the negative coupon-
reinvestment effect is less than the positive sale-price effect (this will occur for all H<D, where R>Y); the new value
of the numerator will be less than its previous level if the negative coupon-reinvestment effect is greater than the
positive sale-price effect (this will occur for all H>D, where R<Y); and the new value of the numerator will be equal
to its previous level if the negative coupon-reinvestment effect is equal to the positive sale-price effect (this will
occur at H=D, where R=Y).

RETURNS AT THE INITIAL TIME PERIOD

1. If Y Increases: If y increases during the life of the bond, then regardless of the length of the holding period,
the rate of return will be always negative. And if y increases in the very beginning and remains at that level
throughout the life of the bond, then the rate of return will be always a constant negative number (e.g., R = -0.27678
in the following example) irrespective of whether the holding period is 0, 1, 2, 3, 4, or 5. However, if y increases but
by different proportions each year, then the ROR will still be negative, but its value will not be a constant number, it
will be different for each year.

Suppose the investor bought the 5-year bond in the morning (when y=0.1965, C=100, F=1,000) and wants to
sell the bond on the same day in the evening (when y = 0.30).

Sale Price at 30% :

1100 / (1.3)^5 + 100 / (1.3)^4 + 100 / (1.3)^3 + 100 / (1.3)^2 + 100/1.3 = 512.886

Purchase Price at 19.65%:

1100 / (1.1965 × 1.1965 × 1.1965 × 1.1965 × 1.1965) + 100 / (1.1965 × 1.1965 × 1.1965 × 1.1965)
+ 100 / (1.1965 × 1.1965 × 1.1965) + 100 / (1.1965 × 1.1965) + 100 / 1.1965 = 709.1691

ROR when market rate increases to 30%:

R30% = 512.886/709.1691 - 1 = - 0.27878 < 0

However, if the expectations are not realized, then R will not be a constant number. For example, suppose the
bond is sold for $512.886 in the evening by using y=30% under the assumption that this 30% rate will remain
constant during the life of the asset; however, the next morning suppose the rate changed to 22% and remained that
way until maturity. At 22%, the market value of the bond will be:

Sale Price at 22%:

= 1100 / (1.22)^5 + 100 / (1.22)^4 + 100 / (1.22)^3 + 100 / (1.22)^2 + 100 / 1.3 = 651.3191

ROR when market rate is 22%:

R22% = 651.3191/709.17 - 1 = - 0.08158 < 0

Had the investor correctly anticipated the rate change to be 22% rather than 30%, his loss would have been only
8.158% instead of 27.678%.
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By the same token, if the rate went down to 10% next day rather than remaining constant at 30%, then the
investor would have benefited by waiting until next day. The sale price and R under 10% rate are:

Sale Price at 10% :

1100 / (1.1)^5 + 100 / (1.1)^4 + 100 / (1.1)^3 + 100 / (1.1)^2 + 100 / 1.1 = 1,000

ROR when market rate is 10%:

R10% = 1000 / 709.1691 - 1 = 0.410099

Had the investor correctly anticipated the rate change to be 10% rather than 30%, he would have gained by 41%
instead of losing by 27.678%.

2. If Y Decreases: If y decreases during the life of the bond, then regardless of the length of the holding period,
the rate of return will be always positive. And if y decreases in the very beginning and remains at that level
throughout the life of the bond, then the rate of return will be always a constant positive number (e.g., R=.410099 in
the following example) irrespective of whether the holding period is 0, 1, 2, 3, 4, or 5. However, if y decreases but
by different proportions each year, then the ROR will still be positive, but its value will not be of constant number,
but it will be different for each year.

Suppose the investor bought the 5-year bond in the morning (when y=0.1965, C=100, F=1,000) and wants to
sell the bond on the same day in the evening (when y=0.10):

Sale Price when market rate is 10%:

=1100 / (1.1)^5 + 100 / (1.1)^4 + 100 / (1.1)^3 + 100 / (1.1)^2 + 100 / 1.1 = 1,000

Purchase Price at 19.65%:

1100 / (1.1965 × 1.1965 × 1.1965 × 1.1965 × 1.1965) + 100 / (1.1965 × 1.1965 × 1.1965 × 1.1965)
+ 100 / (1.1965 × 1.1965 × 1.1965) + 100 / (1.1965 × 1.1965) + 100 / 1.1965 = 709.1691

R10% = 1000 /709.1691 - 1 = 0.410099

However, if the interest rate remained at 10% only on the first day, but beginning the second day and until
maturity, the rate remained at 5%, then the investor’s sale price and R would have been even higher:

Sale Price at 5%:

1100 / (1.05)^5 + 100 / (1.05)^4 + 100 / (1.05)^3 + 100 / (1.05)^2 + 100 / 1.05 = 1216.474

R5% = 1000 / 709.1691 - 1 = 0.715349

Investor’s rate of return would have been 71.5% rather than only 41%, had he sold the bond after one day.
Conversely, if the market rate rose to 30% the next day, then the investor’s sale price and R would have been:

Sale Price at 30% :

1100 / (1.3)^5 + 100 / (1.3)^4 + 100 / (1.3)^3 + 100 / (1.3)^2 + 100 / 1.3 = 512.886

R30% = 512.886/709.1691 - 1 = - 0.27878 < 0

Thus the investor was better off by selling the bond in the evening of the same day, rather than waiting for a later
time.
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CONVENTIONAL MODEL RESULTS: INTUITIVE EXPLANATION

Case 1: If Y↑↑ and H>D, then R>Y:

0 D H N

Under rising rate conditions, there are two effects:

Negative Price Effect [-]
Positive Coupon Reinvestment Effect [+]

At the point of duration, D:

when Y↑, CRE(+) = PE(-), and hence R = Y
the two effects are exactly offsetting such that R = Y

However, at time H>D,

when Y↑, CRE(+) > PE(-), and hence R>Y
the positive CR-effect dominates the negative price-effect such that R>Y

Price Effect (-): Since H>D, the bond sold at H will be a shorter-term bond (N-H periods) relative to that being
sold at time D (N-D periods), since (N-H) < (N-D). For an increase in Y, the negative price-effect on the shorter-
term bond will be less pronounced than that on the longer-term bond. Thus by holding the bond past duration, the
investor has succeeded in lessening the value of the negative price effect – the negative price effect dwindles as the
bond is held for a longer period of time past the duration and will approach zero at maturity.

Coupon Reinvestment Effect (+): Since Y has increased, the longer the bond is held past duration, the greater will
be the value of the positive CE-effect. Thus by holding the bond past duration (H>D), the investor has succeeded in
increasing the value of the positive CE-effect – positive CE-effect accelerates in value as the bond is held for a
longer period of time past the duration and will assume the maximum value at maturity.

Thus by holding the bond past duration (H>D), the investor will accumulate more of the positive CE-effect and
de-cumulate the negative price-effect under rising-rate conditions such that R>Y.

Case 2: If Y↑↑ and H<D, then R<Y:

0 H D N

Under rising rate conditions, there are two effects:

Negative Price Effect [-]
Positive Coupon Reinvestment Effect [+]

At the point of duration, D:

when Y↑, CRE(+) = PE(-), and hence R=Y
the two effects are exactly offsetting such that R=Y

However, at time H<D,

when Y↑, CRE(+) < PE(-), and hence R<Y
the positive CR-effect is less than the negative price-effect such that R<Y
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Price Effect (-): Since H<D, the bond sold at H will be a longer-term bond (N-H periods) relative to that being
sold at time D (N-D periods), since (N-H) > (N-D). For an increase in Y, the negative price-effect on the shorter-
term bond will be less pronounced than that on the longer-term bond. Thus by holding the bond for less than the
duration, the investor has increased the value of the negative price effect – the negative price effect increases as the
bond is held for a shorter period of time for less than the duration.

Coupon Reinvestment Effect (+): Since Y has increased, if the bond is held for a shorter period of time, then the
positive CE-effect will be less in value. Thus by selling the bond before duration (H<D), the investor has decreased
the value of the positive CE-effect – positive CE-effect is less pronounced for shorter-period of time.

Thus by selling the bond before duration (H<D), the investor will have less of the positive CE-effect and more of
the negative price-effect under rising-rate conditions such that R<Y.

Case 3: If Y↓↓ and H>D, then R<Y:

0 D H N

Under declining rate conditions, there are two effects:

Positive Price Effect [+]
Negative Coupon Reinvestment Effect [-]

At the point of duration, D:

when Y↓, CRE(-) = PE(+), and hence R=Y
the two effects are exactly offsetting such that R=Y

However, at time H>D,

when Y↓, CRE(-) > PE(+), and hence R<Y
the negative CR-effect is greater than the positive price-effect such that R<Y

Price Effect (+): Since H>D, the bond sold at H will be a shorter-term bond (N-H periods) relative to that being
sold at time D (N-D periods), since (N-H) < (N-D). For a decrease in Y, the positive price-effect on the shorter-term
bond will be less pronounced than that on the longer-term bond. Thus by holding the bond past duration, the investor
has decreased the value of the positive price effect.

Coupon Reinvestment Effect (-): Since Y has decreased, the longer the bond is held past duration, the greater
will be the value of the negative CE-effect. Thus by holding the bond past duration (H>D), the investor has
increased the value of the negative CE-effect.

Thus by holding the bond past duration (H>D), the investor will accumulate more of the negative CE-effect and
less of the positive price-effect under rising-rate conditions such that R<Y.

Case 4: If Y↓↓ and H<D, then R>Y:

0 H D N

Under declining rate conditions, there are two effects:

Positive Price Effect [+]
Negative Coupon Reinvestment Effect [-]

At the point of duration, D:

when Y↓, CRE(-) = PE(+), and hence R=Y
the two effects are exactly offsetting such that R=Y
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However, at time H<D,

when Y↓, CRE(-) < PE(+), and hence R>Y
the negative CR-effect is less than the positive price-effect such that R>Y

Price Effect (+): Since H<D, the bond sold at H will be a longer-term bond (N-H periods) relative to that being
sold at time D (N-D periods), since (N-H) > (N-D). For a decrease in Y, the positive price-effect on the shorter-term
bond will be less pronounced than that on the longer-term bond. Thus by selling the bond prior to duration, the
investor has increased the value of the positive price effect.

Coupon Reinvestment Effect (-): Since Y has decreased, if the bond is sold prior to duration, then the negative
CE-effect will be less pronounced. Thus by selling the bond prior to duration (H<D), the investor has decreased the
value of the negative CE-effect.

Thus by holding the bond prior to duration (H<D), the investor will accumulate more of the positive price-effect
and less of the negative CE-effect under falling-rate conditions such that R>Y.

THE PATH-DEPENDENT ROR

At maturity, the value-received (reinvestment value of asset earnings) can be defined as:

aVn = C1(1+aY1)(1+aY2)(1+aY3)+ ...+(1+aYn-1) + C2(1+aY2)(1+aY3)(1+aY4)+ ...+(1+aYn-1)
+ C3(1+aY3)(1+aY4)(1+aY5)+ ...+(1+aYn-1) + ...+ Cn + F

and the value-paid (reinvestment value of the price-paid) can be defined as:

aPn = P0[(1+aY0)(1+aY1)(1+aY2)+...+(1+aYn-1)]

At time H, the value-received (reinvestment value of asset earnings) can be defined as:

(CRE)h + Ph
s

where the coupon reinvestment value is given by:

(CRE)h = C1(1+aY1)(1+aY2)(1+aY3)+ ...+(1+aYh-1) + C2(1+aY2)(1+aY3)(1+aY4)+ ...+(1+aYh-1)
+ C3(1+aY3)(1+aY4)(1+aY5)+ ...+(1+aYh-1) + …+ Ch

Sale-price at time h is given by,

Ph
s = Ch+1 /(1+aYh)

+ Ch+2 /(1+aYh)(1+aYh+1)
+ Ch+3 /(1+aYh)(1+aYh+1)(1+aYh+2)
+...+ Cn-2 /(1+aYh)(1+aYh+1)(1+aYh+2) … (1+aYh)(1+aYh+1)(1+aYn-3)
+ Cn-1 /(1+aY0)(1+aY1)(1+aY2)+ ...+(1+aYn-2)
+ (Cn+F)/(1+aY0)(1+aY1)(1+aY2)+ ...+(1+aYn-1)

Time value of the purchase price is given by,

aPh = P0[(1+aY0)(1+aY1)(1+aY2)+...+(1+aYh-1)]

The rate of return at time h is given by:

Rmh = [(CRE)h + 
aPh

s
 ] /

 aPh – 1 (without geometric-averaging)

Rgmh = {[(CRE)h + aPh
s
 ]/

 aPh}
(1/h) – 1 (with geometric-averaging)
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Case 1: For dY = 0 and H ∈∈ [0, n]:

[(CRE)h + 
aPh

s
 ] = aPh

and

d[(CRE)h + aPh
s
 ] /

 dYi = d( aPh) /
 dYi = 0

such that

Rmh = 0
Rgmh = 0

for all h ∈ [0, n]

while under conventional models,

Rgmh = Y and Rc-y = 0; for all h ∈ [0, n]

Case 2: For dY > 0, and H ∈∈ [0, n]:

[(CRE)h + aPh
s
 ] < aPh

and

d[(CRE)h + aPh
s
 ] /

 dYi = d( aPh) /
 dYi

such that

Rmh < 0
Rgmh < 0

however,

Rgmh < Rgmh-i

for all h ∈ [0, n] and i ∈ [1, h]

Rgmh > Y and Rc-y > 0 for H>D
Rgmh < Y and Rc-y < 0 for H<D
Rgmh = Y and Rc-y = 0 for H=D

Case 3: For dY < 0 and H ∈∈ [0, n]:

[(CRE)h + aPh
s
 ] > aPh

and

d[(CRE)h + aPh
s
 ] /

 dYi = d( aPh) /
 dYi

such that

Rmh > 0
Rgmh > 0

however,

Rgmh > Rgmh-i

for all h ∈ [0, n] and i ∈ [1, h]

while under conventional models,

Rgmh > Y and Rc-y > 0 for H<D
Rgmh < Y and Rc-y < 0 for H>D
Rgmh = Y and Rc-y = 0 for H=D

CONCLUDING REMARKS

Within the purview of this paper’s model, the rate of return is not path-dependent when the ratio of value-
received and value-paid is not distorted through geometric-averaging. However, if the geometric-averaging of the
ratio is allowed, then the rate of return may become path-dependent but only in modest values. Regardless of
whether or not the ratio is subjected to geometric-averaging, the results of the new-model introduced in this paper
are in stark contrast with those of the conventional ones. A change in the length of the holding period does not
change the values of the investment returns. The rate of return is path-dependent in the conventional models in that
its value varies in accordance with the variations in the values of market rates, investment horizon, and duration;
only under stable market conditions, the rate of return is a known constant number. The new-ROR model introduced
in this paper provides a clear and precise evaluation of the effect of changes in investment values.
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